Let D be a strongly connected digraph. The strong distance between two vertices u and v in D, denoted by sdD(u; v) is the minimum size of a strongly connected subdigraph of D containing u and v. The strong eccentricity, se(u), of a vertex u of D, is the strong distance between u and a vertex farthest from u. The minimum strong eccentricity among the vertices of D is the strong radius, srad(D), and the maximum strong eccentricity is the strong diameter, sdiam(D). For asymmetric digraphs (that is, oriented graphs) we present bounds on the strong radius in terms of order and on the strong diameter in terms of order, girth and connectivity.
Introduction
Let u; v be vertices of a strong digraph D. The strong distance sd D (u; v) between u and v is deÿned as the minimum size of a strong subdigraph of D containing u and v. The strong distance was introduced by Chartrand et al. [2, 3] . Its deÿnition is motivated by the lack of symmetry of the familiar distance in directed graphs and by the deÿnition of distance between two vertices in undirected graphs as the minimum size of a connected subgraph containing both vertices. In some sense, this deÿnition can be considered an alternative deÿnition of Steiner distance between two vertices in directed graphs, as the Steiner distance of a set S of vertices in a graph G is the minimum size of a connected subgraph which contains both u and v. It was shown in [2] that the strong distance is a metric.
The 
is the digraph whose vertex and edge sets are the union (intersection) of the vertex sets and the edge sets, respectively, of D 1 and D 2 . If P = x 1 ; x 2 ; : : : ; x k is a path in D and i 6 j 6 k then the section x i ; x i+1 ; : : : ; x j of the path P is denoted by P(x i ; x j ). In this paper we shall consider only nontrivial strong asymmetric digraphs, that is, strong orientations of 2-edge connected graphs. For concepts not deÿned here, we refer the reader to [1, 4] .
Bounds on strong diameter
In this section we present bounds on the strong diameter of a strong oriented graph D. For u; v ∈ V (D) a strong (u; v)-path is a minimal strongly connected subdigraph of D containing u and v. The following lemma gives the structure of D uv , a strong (u; v)-path of minimum size, called a shortest strong (u; v)-path or (u; v)-geodesic.
We observe that, since D uv is strongly connected, it contains both a (u; v)-path P and (v; u)-path Q and that, by the minimality of m(D uv ); D uv is the union of P and Q. It should be noted that P and Q are not necessarily shortest (u; v)-and (v; u)-paths. In the digraph shown in Fig. 1 . P = u; u 1 ; u 2 ; u 3 ; u 4 ; v and Q = v; u 1 ; u 2 ; u 3 ; u 4 ; v are paths of length 5, while the directed distances d(u; v) and d(v; u) equal 4. 
contains at least one arc that is in P but not in Q, and at least one arc that is in Q but not in P; (iv) C i ∩ C i+1 is a directed path for i = 1; 2; : :
Proof. Let D uv be a shortest strong (u; v)-path in D. As shown above, we have D uv = P ∪ Q, where P is a (u; v)-path and Q is a (v; u)-path in D uv . Let P 0 ; P 1 ; : : : ; P k be the weak components of P ∩ Q in the order in which they appear on P, and let Q 0 ; Q 1 ; : : : ; Q k be the weak components of P ∩ Q in the order in which they appear on Q. Then each P i (and thus each Q i ) is a directed path. Let a i and b i be the ÿrst and last vertex of P i , respectively. We prove that
Clearly, P 0 =Q k consists of the single vertex u, and P k =Q 0 consists of the single vertex v. Suppose that (1) is not true. Then there exist i; j; i ; j with P i = Q i ; P j = Q j ; i ¡ j and i ¡ j . We can now alter the path Q by replacing the section Q(a i ; b j ) by P(a i ; b j ), thus obtaining a new (v; u)-path Q . Since Q(a i ; b j ) contains arcs that are not in P(a i ; b j ) we have q(P ∪ Q ) ¡ q(P ∪ Q) = q(D uv ), a contradiction to D uv being a shortest strong (u; v)-path. Hence (1) holds.
Deÿne P * i =P(b i ; a i+1 ) to be the section of P that links P i to P i+1 . Let Q * i =Q(b i+1 ; a i ) be the section of Q that links P i+1 =Q k−i−1 to P i =Q k−i . Note that each P * i and each Q * i has at least two vertices, while the P i and Q i may have only one vertex. Furthermore, all P i ; P * i ; Q * i are directed paths. We now deÿne C i by C i = P i−1 ∪ P * i−1 ∪ P i ∪ Q * i−1 ; i = 1; 2; : : : ; k: It is easy to verify from the deÿnitions of P i−1 ; P i ; P * i−1 and Q * i−1 that C i is a cycle. It remains to verify the properties (i) -(v). Property (i) follows from the fact that V (P 1 ) = {u} and V (P k ) = {v}. Property (ii) follows from
Since each P * i (and thus each Q * i ) contains at least one arc, which is not in Q (P, respectively), property (iii) follows from P * i−1 ; Q * i−1 ⊂ C i . It is easy to verify that
hence property (iv) follows.
Property (v) holds since, for j ¿ i + 1,
as desired.
Chartrand et al. [2] observed that for a strong digraph of order n its strong diameter does not exceed 2n − 2. For strong oriented graphs, i.e., for digraphs with no cycles of length 2, they gave the improved bound
The following theorem generalises both results. We deÿne the directed girth g of D to be the length of a shortest directed cycle in D.
Theorem 1. Let D be a strong directed graph of order n and directed girth g ¿ 2. Then
where k n is the largest integer k with the property that k 6 2n=g − 1 and k is even, or k 6 2(n − 1)=g and k is odd.
Proof. Let u; v ∈ V (D) be two vertices with sd(u; v) = sdiam(D) and let D uv be a shortest strong (u; v)-path. By Lemma 1, there exist cycles C 1 ; C 2 ; : : : ; C k such that
By Lemma 1(v), the cycles C 1 ; C 3 ; C 5 ; : : : are disjoint and v is only in C k . Hence
Thus in conjunction with (3), the theorem follows. Corollary 1. If D is a strong digraph of order n and directed girth g ¿ 2, then
Proof. By Theorem 1 and
the result follows.
The bound in Corollary 1 is sharp. For g 6 3, the result of Chartrand et al. [1] follows. For g ¿ 4, the bound is attained by the digraph D consisting of l=2k directed cycles, such that C 1 ; C 3 ; C 5 ; : : : ; C l−1 are the directed cycles u for i = 2; 4; : : : ; l (see Fig. 2 ).
The strong connectivity Ä(D) of a nontrivial directed graph D is the smallest number of vertices of D whose removal yields a digraph which is not strongly connected or has only one vertex. 
Since D is Ä-connected there exist, by Menger's Theorem, internally disjoint (u; v)-paths P 1 ; P 2 ; : : : ; P Ä and internally disjoint (v; u)-paths Q 1 ; Q 2 ; : :
If w ∈ V (D) is on some path P i and also on some path Q j , then f(w) = 1. Let h be the number of such vertices w. Finally, if w is on some P i but on no Q j (or on some Q j but on no P i ), then f(w) = Ä. Hence On the other hand,
Hence there exist i; j with 1 6 i; j 6 n such that
Since the last expression is decreasing in h, we have by h ¿ 0,
By (2) this implies
The above bound is sharp and is realised by a digraph G formed from a copies of H i (see Fig. 3 ), namely H 1 ; H 2 ; : : : ; H a , by identifying the vertices u i1 (i = 1; : : : ; a) in a vertex u 1 , and identifying the vertices u i; 3k+1 (i = 1; : : : ; a) in a vertex u 3k+1 and adding arcs as follows:
Let (u ir u js ) ∈ E(G) if (u ir u is ) ∈ E(H i ); i = j; i; j ∈ {1; : : : ; a}. Then Ä(G) = a and sdiam(G) = |E(H i )| = 5k. Note that
A bound on strong radius
The strong radius of a strong digraph (a strong orientation) is at least 2 (3), and both bounds are clearly sharp. The maximum possible value of the radius of a strong digraph of given order is less obvious. The bound is attained for the directed cycle of order n.
